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Abstract: We study of complex sasakian manifold which is a type of normal complex contact metric manifold 

and study of complex -Einstein sasakian manifold [Vanli and Unal, 2017]. Inan Unal and A. Turgut Vanli 

obtained curvature properties of complex Sasakian manifold [Vanli and Unal, 2019]. We define some relations 

between curvature tensors of complex Sasakian manifold and obtained some useful results. 
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Introduction 

Kobayashi first introduced the complex 

contact manifolds [Kobayashi, 1959]. 

Korkmaz gives the notion of normality 

conditions for complex almost contact metric 

manifolds [Jeffrey L. M. 2009]. Ishihara and 

Konishi sasakian manifold which is called IK-

normality [Ishihara and Konishi, 1980]. IK-

normal complex contact metric manifolds, 

normal complex contact metric manifolds and 

complex sasakian manifolds are three notions 

of the Riemannian geometry of complex 

almost contact metric manifolds. 

Aysel Turgut and Inan Unal defined the 

complex sasakian manifold and curvature 

properties. Also defined the symmetry 

conditions for complex sasakian manifolds 

with related to concircular curvature tensor, 

conformal curvature tensor, conharmonic 

curvature tensor and projective curvature 

tensor. 

 In this present paper we studied complex - 

Einstein sasakian manifold and obtain some 

result. We study on concircular curvature 

tensor  in a sasakian manifold and we obtain 

some result abouts concircular curvature 

tensor.

 

Preliminaries   

Definitions 2.1. An open covering is covered by coordinate neighborhoods  on odd 

dimensional  complex manifold.  If there exist an analytic 1-form , then  

                                                in  

and, if , then there is an analytic function  in  such that  

                                              in  . 

Then this set  is called complex contact manifold. 

On each , we define  
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. 

This distribution is analytic non-integrable distribution on . 

We know that an analytic vector field is  is given by  

                                                                

Also, by the complex line, we have 

                                                                

Definition 2.2. A Hermitian metric  and  denote the complex structure on complex manifold 

.Then  is a complex almost contact metric manifold, if there exist an open covering  on 

,  

Therefore   

(1) If on each  there exist an analytic  – form  and and we take dual vector fields  

and  and there  tensor fields  and  then 

        

 

 

                                                                     

(2)  If ,  then we have  

 

                                            

For some functions  defined on  with  

We know that a complex almost contact metric manifold , holds the following identities:  

 

 

 

 

 

A complex contact manifold contains a complex almost contact metric structure. Let  be 

a local contact from. So, the local tensor field ,  and  are organized by  
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where  is  – form and  and  with 

 

Sasakian manifolds has an important role in real contact geometry and complex contact geometry. 

Definition 2.3.([Korkmaz, 2000]) Korkmaz gave the definition of complex contact metric manifold 

.  is said to be normal, if  

   for all   are in  and  

   for all ,   

Here  and   are  Ishihara and Konishi tensors [Ishihara and Konishi, 1980] defined on M. 

 

where   

  is the Nijenhuis tensor of   

 Definition 2.4.  Let  be a normal complex contact manifold and be 

Hermitian metric and  is globally defined. Then  and   – forms are defined by 

             and    where   and are vector fields on  

Theorem 2.1.([Vanli and Unal, 2019]) If M is a normal complex contact metric manifold, then it is a 

complex sasakian manifold if and only if  

 

 

and  

 

Now, for complex Sasakian manifold we get  

 

If be a complex sasakian manifold. Then we have following curvature properties of complex 

sasakian manifolds  
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where  and  are vertical vector fields and  then we have   

 

 

Ricci curvature tensor of a complex sasakain manifold presented by Turgut Vanli and Unal [Vanli and 

Unal,2017, 2019, 2020] as 

                                        

 

 

 

where  

Complex  -Einstein Sasakain manifold 

Let  be a complex sasakian manifold and . If  and  are 

smooth functions on  if the Ricci tensor, satisfies  

                                                                                                 

Then  is called complex  –Einstein sasakian manifold. 

On a complex  –Einstein sasakian manifold, we derive the following property 

 

If  then the manifold  is  – Einstein.  

Corollary 3.1. If an odd dimensional complex sasakian manifold is Einstein then 

 also, we have  
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where  and  is Ricci operator.  

If   are two horizontal vector fields, on complex sasakian manifold  then from  we get 

 

The curvature tensors on a complex sasakian manifold admits the following properties 

 

 

 

 

Pr

oposition . If M is a complex sasakian manifold then the projective curvature tensor  

It satisfies the following identities: 

  

  

Theorem 3.1. Let  complex sasakian manifold  which satisfy 

then is a complex -Einstein sasakian manifold. 

Proof. On a complex sasakian manifold  take a  tensor field. We have  

 

 

If a complex sasakian manifold satisfies the following property for all  

                                                               

From equation , we get  

 

 

Since, from equation  and ,we obtain the result 
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In equation  if we taking inner product with  and using the equations  and 

equations  to  we obtain the following result 

 

 

where we using  and  

Therefore, the manifold  is complex - Einstein sasakian manifold. 

Now in a complex sasakian manifold, projective curvature tensor is defined as, 

                         

Theorem 3.2. ([Vanli and Unal, 2020]) Let  on complex sasakian manifold  which 

is satisfy  , then  is Ricci flat or a complex -Einstein sasakian manifold. 

Proposition  Let  be a complex sasakian manifold which is Ricci flat. Then we obtain relations 

between curvature tensors: 

 

 , 

where  are conharmonic curvature tensor, projective curvature tensor and conformal curvature 

tensor on a complex sasakian manifold. 

Proposition 3.3. On a (2k+1) odd dimensional complex sasakian manifold  the concircular 

curvature tensor is defined by 

 

where  and  are respectively vector fields on  and scalar curvature. 

Now, we derive some results of concircular curvature tensor for complex sasakian manifold: 

1.  

2.  

3.  

4.  

5.  

6.  

Conclusion  
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Complex contact manifolds have lots of 

applications. There are many open problems 

with complex contact manifolds. We 

investigated the relationships between 

curvature tensors (projective curvature tensor, 

conharmonic curvature tensor, and concircular 

curvature tensor) and the concircular curvature 

tensor results on complex sasakian manifolds 

in this paper.  

Acknowledgements Authors are grateful to 

the editor and reviewer for their valuable 

suggestions to bring the paper in its present 

form. 
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